Physics of @ axial coil gun

Part 11 i Circuit analysis

In this part of the paper, we will look at how the slug extracts energy from the magnetic field set up by
current flowing through the coil. The following figure shows the layout of the physicadaaents in
the circuit.
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The coilgun itself is simply the coil shown as an inductor on the +figimd side of the figure. Everything

else is the power supply or, more approphatihe energy stock. The energy stock we will use # thi

application is described in another paper, tilekbighvoltage BuckBoost capacitor chargerThe
capacitor bank consists of twerttywo 22 00e¢ F capacitors wired in serie
100¢ F. Each capaci t orsotheaxapacidor bamkishitowddge able @ withstapdup f 4 5
to 9900V. The charger described in the earlier papes faleeminutes to charge the capacitor bank up to

a voltage of 4000V, at which time it holds energy of 800 Joules.

The control relay, too, iscluded in the charger. When the operator presses the FIRE pushbutton, the
relay contacts close and the voltage over the capacitor bank is applied to the external circuit. In our case,
the external circuit consists of thecgiu n 6 s coi |

From an electcal pointof-view, thesituation is a little different. The following schematic diagram
shows the circuit we will examine in this paftthe paper
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I have placed the sluas a black box iparallel with the coil. It is, after all, the itavhich delivers
energy to the slug. Whether this is appropriate remains to be seen. If necessary, we will move it into a
series position.

The most important characteristic of the capacitor bank, other than its capacitance, is its equivalent series
redstanceR,,.. Inthe earlier paper, we estimatedifhg.of t he capacitor bank to |
this paper, we will wuse a valwue of 2q for the equ

In the earlier paper, wasospecifiedthat the FIRE relay wouldldi@i gi key 6 s p-A4AX&NDnumber
This is a relay manufactured by Meder Electromicdused, among other purposes, for RF surgery. Its

contacts are rateat 10KV. The datasheet for the component states that its statactoesistance is

150mq. In this paper, we wil/ us eRy,pd. Theadatasheeto f 0. 1
al so st at es ingtane, intludiegthedebbumge,Gssaboat I3 milisecondehis could be a

significant fraction of thewholeduration of a run. Iart lof this paper, we looked at examples where

the acceleration of the slug took place over 6 milliseconds. We will have to bear this limitation of the

relay in mind. To be precise about it, the voltage which i mposed over the coil wi
4KV at timet = 0 when the switch is closed. Instead, it will be erratic, as tbel eoptécts open and

close for ashort interval. Theremaybe sparks across the gap, with accompanying surges of current.

(The contacts of the relay used in the earlier paper alsoerated up to three Amperes. That is not nearly

enough for this application, which will draw tens or perhaps hundreds of Ampéoesver, here are

lots of other relays. A quick search on the internet showed one which could carry 150 Ampeses. It al

has an even lower static contact resistance.)

The coilitself also haseverakharacteristics, which | have shown in the schenali¢igramas the series
combination of a resistance, an inductance and a capacitance. Since we have not yet specified any
features for the coil, the best we canatithis pointis to make educated guesses. If we are lucky, the
guesses will within a factor oéh But, they will give us a starting point for figuring out what the coil
should be like.

So, let us suppose tha

. the coil has an overall length, or heightabbut50 cm, and
. has an inside diameter of 2 cm.

The inside diameter of the coil should be thought of as the diameter of the core on which the wire will be
wound. We will want to use very heavy wire. Soppwe usé4 gauge enameled copper wire. Its main
characteristics are:

the wire diameterexcludingthe enametoating is5.189mm,
itsresistance is®485] per thousand feet,
it is rated fors5.7 continuousAmperes and

permits a maximum current 885 Amperes.

Note that this is heavy wiiiewe will be able to wind only 4.9 turns per inch along the coil. Let us wind a
coil with a round number of 96 turns. The exact length of the coil will be 49.81 cm, which is
approximately 50 cm.

The averageraddu of each turn, taki ngasiweltstheaoecadiisnt t he wi
1.259cm. Therefore, the average circumference of each 2an) (s 791cm, or3.11linches. 96 such
circumferences will use ug08.6inches, or 2.88feet, of wire. This is a small fraction of one thousand



feet, so the resistance will be a small fraction 885 . In fact, he total resistance of this lehgbf
wire is only 0.@62q .

We could wind many layers of this wire before the resistance of the witesheg c ompar e wi t h t
equivalent series resistance of the capacitor bank. Adding more turns would certainly biewseful
know thatthe strengtlof the magnetic field set upcreasess the number of turns increases.

However, increasing the number of turns also incr
thing. For a coil which is long compared with its diameter, and which hag aorai, the following
formula for the inductance can be used:

2
NtotalAcoil

Leou = Ho T Hyy 1)
col

wherep, is the permeability of free spacer(x 10~7 H/m), N, is thetotal number of turns in the
coll, A.,;; is the area of a crosection of the coibndH,,; is the length of the coil. Using tipdysical
parameters we have already set, the inductance can be computed as follows:

(962) x (70.012592)
0.4981

Leog = (4mx1077)
= 11.6uH

The circular turns fowire which make uphe coil are psitionedfaceto-face. The adjacent turns are not

unlike the plates of a capacitor. In this sense, each pair of turns acts like a small capacitor. Indeed, the

very wire itself has an innate amount of capacitance. Any piece of the wisgriall volume of copper,

and a certain amount of charge needs to flow into
will not delve into this phenomenon. | expect that the coil and its wire have an aggregate capacitance of a
hundred picbarads, oless Whatever the exact value of this capacitance, it will be negligible compared
with the capacitance of the 100e¢F capacitor bank.

So, how manyayers of turnshould the coil have? do not have a proper answer for that question just
yet. What we will do is this. Let us start off by assuming the coildmeslayer, witl96 turns, and
therefore a resistance 00062y and an inductance afl.6uH. After we see what happens, way

circle back and make a new assumption. As we increase ittifeenof turns fron®6to, say,N, the
resistance will increase (approximately) with the rati®6 and the inductance will increase
(approximately) with the ratiGN /96)2.

The response of the circuit, excluding the slug

]

Since weknow nothing out how the slug
affects the circuitlet us begin by ignoring
entirely. We will discharge the capacitor R v
bank through the empty coil. Gathering up R
the various values of the components, the il C 2.1 56
circuit looks ashown to the right Ve AT
100p
L v,
11.6p




ComponentR is theseries combination of: (i) the equivalent series resistahttee capacitor bank, (ii)

the static resistance of the relay contacts and (iii) the resistance of the wire in the coil. Coimmnent
the inductance of the coil and componéns the capatance of the capacitor bank. The switch is closed
at timet = 0. The initial voltage over the capacitor is 4000V.

I have labeled in the figure the four circuit variables of interest. They are:

o V¢ is the instantaneous voltage drop over the capacito

o V is the instantaneous voltage drop over the series resistatiecircuit,

o V, is the instantaneous voltage drop over the ideal inductance of the coil and
o 1 is the instantaneous current flowing througédincuit.

All four variables ardunctions of timet. (There is a convention that capital letteh®uld beusedto
representoltages and currents which are constant with respect to time and that smaliettddsbe
usedto represeninstantaneous or timearying voltages and cuent. In our case, there are no constant
guantitiesat all, so | have used capital letters throughout. This will avoid confusion betiveen
voltagesandf or t he sl ugds speed.)

To solve for four circuit variables, we need four gitequations.They are:

The V-l characteristic of the capaaiice

1 t
VC:VO_EJ IdT (2)
=0

| have introduced the symbH} for the initial voltage over the capacitofheinstantaneous voltageser
the capacitois reduced from its initiaboltage by the cumulative amount of current which has been
extracted from it, divided by the capacitance.

The V-l characteristic of the res@ice

Thevoltagec ur r ent characteristic of the resistor is si
Ve =IR (3)

The V-l chamcteristic of the inductance

=L— (4
=l @

When the current flowing through the inductance increases, a voltage{tha $ol ed fiback EMFOQ0)
developed over the inductance which is proportional todteeof change of the current

The sim of the voltage drops around the circuit

Since this is a series circuit, the sum of the voltage drops around the closed loop must be equal to zero.
So, after the switch is closed, waisthave:

VC = VR + VL (5)



The four equations careltombined quite easilgndtheresultis asecondorder differential equation in
the single variablé.

P LA
dt? dt  C (6)

It is likely that asolution of this differential equation will have the fomraft, wherea andg are two
constants.Since this is a secormtder differential equation, there should be two solutions, both of which
will have this form. Since this form is assumed to be a solution of Equ&tpnit had better satisfy
Equation(6). Substuting, and taking the derivatives, gives:

aeft
Lap?ePt + Rafeft + = 0
1
- aeht <L[32+R,B+E>=O
1
- LB?+RB+==0 @)

C

Notice how conveniently the exponential term can be eliminated, leaving behiadratiziequation in

the parametef, thesoc al | ed A c har a By therwiays weiwere ablg 1o aliminaterhe .
exponential term by making the following observation. The exponential term issacatlyequal to

zero, so the only way in whiche middle expression can always be equal to zero (that is, be equal to zero
at any arbitrary time) is if the coefficient of the exponential termeisactlyequal to zero.

Quadratic equations have fgatwhch theoesgrssion comguiks ofittoo ot 0
zero.) In this case, the two roots are:

We couldhave one small difficulty. IR, L andC have the right combination of values, the term under
the square root will be positive, atigre will betwo real values fof. But, if the three components have
the wrong(?) combination of values, tieem under thequare roowill be negative If that is the case,
then we will have to invoke the imaginary numpewhich is the square roof e-1, which is to say,

j =+/—1. Whenp has an imaginargart, the solution will have a form like/#1t. Exponential terms

with imaginary exponents are just another way of expressing sinusoidal terms consisting of sine and
cosine functions.

Using our component valueB? = 2.156% = 4.648 and4L/C = 46.4u/100u = 0.464. So, the term
under the square root is positiandg has the following two values:

—2.156 + V4.184
- 2321
= —4,760 and — 181,000

Thephysicalunits of 8 areactually 1/second, so that the producBand timet is dimensionless. These
two exponents correspond to two different solutions of Equé&édn Using a subscript to identify one



of the solutions and a subscripto identifythe othersolution, we can write down the general form of the
solution of Equatior{6) as:

I(t) — a,le—4-760t + aze—181000t (9)

To figure out the two remaining constamsanda,, we need to apply the initial conditions for the

circuit. We know two things: (i) that thenitial current is equal to zero and (i) that the initial voltage over
theinductoris equal td/;. (Note that the third thing we know, that the initial voltage over the capacitor is
equal toV,, has already bedncorporaed into the first circuit equation, and therefore does not constitute
Ainewo i nformation.)

It is obvious that the current will be zero before the switch is closed. The first initial condition does not
mean this. What it means is that the curwfitalso bezero immediatelyafterthe switch is closed. Our
circuit includes an inductor and the currowing through an inductor cannot change instantaneously.
Since no current flows immediately after the switch is closed, there will be no voltagevdrahe

resistor, and the inductanust absorlhe full voltage drop over the capacitor.

Applying the first initial condition is easy. We simply substittite 0 into Equation(9), at which time
the current must be zero, so that:

1(0) = ae’ + aze®
=a; +a,
= 0 beingthe 1st1.C.
- 0 =0 (10)

Applying the second condition requires that we first get an expression for the voltage ovduthar.
We can do thiby substituting the expression for the current gibgiEquation(9) into the circuit
equation given in Equatiof). We proceed as follows.

o di(t)
N =L—=

= Li(ale—zweot + q, e~ 181,000r)
dt

= —L(4760a,e 4760t 4+ 181,000a,e~181.000t)  (11)

Now thatwe have an expression figr(t), we can apply the second initial condition by evaluating it at
timet = 0. We get:

V,(0) = —L(4760a,e° + 181,000a,¢e°)
= —L(4760a, + 181,000c,)
= —L(4760a; — 181,000a;) usingthe 1stI.C.
=176,240La,
=V, beingthe 2ndI.C.
Vo

- % T I76240L

(12)

Substitutingour physical values, we can computgas follows.



4000

1 T 176,240 x 116
= 1960 4
and a, =-19604 (13)

The constantg,; anda, have units of amperes. Now that we have fampdnda,, we can write down
the complete expression for the current, as:

I(t) — 1960(6_4760t _ e—181,000t)A (14_)

The following plot shows the waveform ofistturrent
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This is arelativelyfast discharge. The horizontal scederesents a total time ohehalf millisecond.
The current peaks about 20 microseconds after the start of the discharge. And, it peaks @6@bout 1
Ampereswhich is ahuge current. There are several points to note.

1.

Do not forget that it will take up to 3 milliseconds for the contacts of the relay to close. Asthe
contacts are closing, the current whislable to force its way throughill be less than shown

here. Furthermore, current of this magnitude will vaporize the relay contacts as well as the wire
itself.

The fAfasto t er mexp(rR4760h termsltad the termovhichimakestthe e
algebraicallypositive contribution to the currersipit drivesthe arrent up to its peak. After the
peak, t h e exp (s-180,00@) takes over andaseshe current back down to zero.

Increasing the resistance of the coil by adding turns will slow the timing down and, at the same
time, reduce the peak current espaced.

Adding turns to the coil will also increase its inductance. At some point, the inductance will
become large enough to introduce a sinusoidal waviness to the discharge.

Before we start adding turns to the caikrely for the prpose ofislowingthe discharge dovwinlet us do
something else.



Modeling the slug as an electrical component

The slug is not unlike an ideal transformer, in that it draws its energy from the magnetic field set up by
the coil. In an ideal transformer, the secondaryudidraws its energy from the primary circuit. In an

ideal transformer, though, the exchange of energy is indirect. The secondary circuit uses a second coil to
draw the energy from the magnetic field set up by the primary coil. In order for a voltageéwveloped

over the secondary coil, the magnetic field must be varying. If the magnetic field set up by the primary
coil does not vary, the secondary coil cannot extract any energy from the magnetic field. For this reason,
an ideal transformer will idunction unless the current, and magnetic field, vary or are alternating.

There is no such requirement in the case of the slug. It can extractdimecglyf r om t he coi | 6s
magnetic field whethehe fieldis changing or not. In fact, a coil powetgga dc current might very

well be a better choice for a coil gun, if we could get a dc current large enough.

The voltage drofy, over the coil does depend on the change in the current fldafiogghit, whether

there is any slug present or not. That voltage is given by Equ@ljiorThe instantaneous power

consumed by the coil, in the absence of the slug, is the prodiinis bltage and thimstantaneous
current, namely:

_ o dl
P.(t) =V, (DI = LIE (15)

The energy which is absorbed by the coil is the power multiplied by the time over which it is drawn. If
the current started from zero at time: 0, then the energy absorbed by the coil is equal to:

(%) a
dr t

Lidl

E g\mg%m

EL(D)

T
_ 1,2
=1 (16)

The energy absorbed by the inductor is stored in the magnetievfigdth exists in andround the coil.

We cancalculate the power consumed by the $tug similar way In Part | of this paper, we looked at
the kinetic energy of the slug, which at any time is equal to:

K= %mv2 17)

wherem is the mass of the slug ands its instantaneous sp&. The power consumed by the sRyds
the change in its kinetic energyK) which takes place in some small interval of tiri€) ( That is:

aK dv 18
s= g - Wy U8
Now, the derivative ofo ttheneslisg@sefs mead awi tih sr ace

Law,F=ma, we know that the sl ugds aKdcievliedreadt iboyn tihse esc
mass. Therefore,



Pg=vF (19)

This is the instantaneous power consumed by the #lugust be supplied by the coil. Therefore, in the
electrical circuit, the instantaneous power consumed by the coil will be the sum of Eq(Eiipasd
(19), thus:

Protat = Pp + Ps

—u ok o
=Ll +vF (20)

Anticipating what we Wi find in Part Ill of this paper, the force on the slEgs the product of two terms:

(i) a spatial distribution which does not depend on time, and (ii) the square of the current flowing through
the coil. As we did in Part | of this Paper, we willJatz) be the spatial distribution of the force, which

we can, say, calculate at a reference current of one Ampere. We can then write the total force acting on
the slug as:

F(l,2) = I’F(z) (21)

m the dependence

This nicely separates the dependence of thefonge t i me fr o
l ugdbs | ocation does

di spl acement (although the s
into Equation(20) gives:

a

Ptotal = LI & + I UT(Z)
=] LdI IvF(
= [ E + 1v Z)]
=1V, + WF(2)] (22)

0
a

I't makes eminent s en dortheslugl Sihce power ia alvaysaohe pradgceofad r o p 0

current and a voltage, Equati@2?) suggests that we define the following voltage drop:
Vs = IvF(z) (23)
If we do this, then the power drawn by the &bilg combination is equal to:

Protar = IV, +Vs]  (24)

This says that a good way to model the slugbs el

the coil, so that the same current flows through bd@fthis is not how we assumed it would be, in the
schematic diagram above.) Treated in this way as a series component, the voltage drop of the slug is

IvF(z). For a normal resistor, the voltagediog e x pr es s ed VhpyIROComgasngtheaw as
two expressions makes it clear that we can think of the slug as a variable resistor, whose resistance at any

moment is given byF(z), the product of its speed and the spatial component of tbe flactor.

e



The revised circuit schematic taking the slug into account

The following schematic diagram shows how the electrical circuit shouleplbesentetb account for

the slug.
J !

Ve = RI

2.156

VC=VO—%f:01dT ;: C L _ ;u
100p 11.6p t

Si ug Ve = [vF(2)

For ready reference, | have shown thé dharacteristic of each component, including the slug. | have
shown the slug as being $erieswith the ideal inductance of the coil. This is consistent with Equation
(24), which has the slug making an additive (thas&sje3 contribution to thevoltage around the loop.

Once again, the sum of the voltage drops around the circuit must add up to zero. Therefore:

VC :VR+VL+VS

v, 1Jt Id —RI+LdI+I F(z) (25
It is useful to express the currdrnih Equation(25) in terms of the charg@. on the capacitor. This is
easily done on the leftand sidé the voltage drop over the capacitpris equal to the stored char@e
divided by the capacitance. Generally speaking, currefgfised as the rate at which charge passes by a
given point in the circuit. In our case, a positive current, as defined in the schematic, corresponds to
decreasing charge on the capacitor, so that:

dQc

I=-—
dt

(26)

Substituting this into Eaeption(25) gives:

~10~



2
Qe _ 8 ipy ory) -1 L%

C dt dt?
d*Qc dQc Qc
- L——=———[R+VF —— (27 [ [
12 It [R + vF(2)] C (27) Circuit

| have called this the Circuit equation because it encompassapetits of the electric circuit. However,
we are going to have to solve this differential equation jointly with another, which descrildgsdngics

of the slug Using Newtondés Law:
F
a=—
m
dv _ I?F(2)

i (28) Dynamics
Wewill alson e e d t he sfor Equdtien(23),pvbiehdve get by integrating Equatiéns).
1 t
v(t) —v(0) = Ef I?F(z)dt  (29) Mechanics
=0

Numerically integrating the two equations

A joint closedform solution ofEquationg27), (28) and(29) is not possible However they are in a

form which makes numeri cal i ntegration quite conyv
incremens of time, whose lengtiAT we will call a time step. At the beginniing each time step, we will

know the following quantitiesyhich will beresults from the calculations for the previous time step:

fortheslug  zg e and vgpgre
for the circuit  Qg¢grr and Igegre

In general, variablesave the subscripttart for their values at the start of a time step and the subscript
end for their values at the end.

We arealsogoing to approximatehe spatial distribution of the ford&(z). Since the slug does not move

very far during ashort time step, the value &1 z) will be almost constant during the step. Let us assume

that we can find some average vafg,; for F(z) which applies during the wholesteBi nce t he sl u
speed will not change by much during the time stdgeing so short, it is reasonable to estimate that the
slugbés position at the end of the time step wildl

Zendlest = Zstart T VstartAT  (30)

We can look up in the force field table the values of theapaimponenfF(z) at the beginning anithe
end of the time step. The average value of the spatial component (average over distance, not time) will
be:

1
Tavg = E(Scstart + Fenalest)
1
= E[f(zstart) + F(Zenalest)] (31)

We first apply the Dynamics Equatiop8)t o f i nd t he sl ugbés accel eration

~11~



2
dv _MstareTavg

— = 28’
dt start (28)

Then, we apply the Mechanics Equat{@9) to find the § u gEesdt the end of time step.

dv ,
Vend = Vstart + AT (29"
dt seart

Using the Taylor series expansion of any function,
step as follows:

dz d?z
z(t) =z(1=0) +E OT+%F oTZ +0(13)
= =
1 ,dv
= Zstart T TVstart T ET E cart
star
1,,.,0V
= Zena = Zstart T AT Vgpqre + EAT E rart (32)
star

Then, we applyhe Circuit Equation(27) to calculate the second derivative of targe

d*Qc dQc Qc
L—= =-—-[R -
dt? dt (R +vF ()] C
dZQC dQC QC start
L =—— R Fovg) — —
” dt? stare dt start( T Vstart avg) C
d*Qc 1 Qc ,
dt? tart = z [Istart(R + vstartTavg) - %] (27"
We can now determine what tberrent willbe at the end of the time step:
d (dQc> _ d*Qc¢
dt\ dt T dt?
=T =T
[ - ] (52)q
- —_— =
dr\dt )" dez )"
=0 =0
d d d?
. Qc  dlQc ~ (1 - 0) ch
dt ;=  dt start dt® stare
2
_ .40
so,att = AT —lonag + Lstart = AT — (33)
dt? start

UsingTaylord expansion nce againye can write thehargeat the end of the time step as follows:

_ _ dQC 1d2QC 2 3
Qc(1) =Qq(t=0) +FT=OT+E ir? ‘r=0T + 0(7°)
d*Qc

1
- QC end = QC start — ATIstart + EATZ (34)

2
dt? start

~12~



Havingcompleted thealculationdor this time stepwe can now move on to the next time step, where
the quantitie,,,4, Vena, Qc ena aNdl,,,4 becomehe corresponding starting quantities for the next time
step.

Monitoring the error of the numerical integration

The errors which arise from using the approximations during each time stegauthulate during the

course of a run of the slug. Fortunately, there is a delightful way to monitor the cumulative error. Energy
must be conserved during the run. We can calculate the total energy in the system at any point in time.
The following tabé sets out the energies of each component at the beginning and end of a time step.

Component Energy at start Energy at end Change in energy
1 2 1 2
. _CVC starts Of ‘CVC end» OF 1
Capacitor R NP 5c(QF ena — Q& start)
z QC start %QC end
Resistor Cumulative heatg ¢ Cumulative heat,, 4 f RI?dt
192 1,92 1,072 2
Inductor ELIstart ELIend EL(Iend — Istare
1.2 1.2 1 2 2
SIUg Emvstart Emvend Em(vend - vstart)

Energy stored in the capacitor

The energy stored in a capaci®usually written in terms of its voltage, @¥/2. Since the charge

stored in the capacitor is equaldd, the energy stored can also be written in terms of the charge as

Q?/2C. Note that, since the capacitor is the sourceegtiergy in our applicatio®,. .4 Will be less
thanQ.qte@nd t he change i n the c amaayeventothetas aecn @ rog yo swi |
energy at the end ohg particulartime stegs given by

E _ Qgend 35

Energy burned by the resistor

The resistor does not hold its enempr se but we can describe the energy it lmas theficumulative
heat 0 dupt® adenpam tineedluring the run. We will, of course, keep a running fatakdeat,
for which we will use the symbdiy, ...+ at the beginning odachtime step. The resistor buwrheat at
the instantaneous rate Bf?, so the heat burned off by the resistor dudngtime step will be equal to:

T=AT
AER, = f RI?dt
=0
T=AT 2 2
=R J <I —r% ) dt
2 start dtz start
=A
T 42Q; a2,
=R Isztart_z‘[lstartﬁ +T2 dt2 dr
=0 start start

~13~



I have kept terms of high@rder powersn time because this calculation is part of a check of the
accuracy. While the extra terms may not be signifidegpingthem removesne more source of
uncertainty. Continuing with the integration gives:

AEp =R <Tlsztart - Tzlstart —zc + ETB ZC >
dt* stare 3 dt? seart/l;—g
Q. 1, ,d%Q"
=R Isztart — AT sqre 2 + §AT2 > AT (36)
dt?® start dt* start

Finally, the cumulative heat burned off by the resistor by the eadirok step can be written as:
Eg end = Eg start + AER  (37)

Energy stored in thductor

The energy sired in the inductor at the end of a time step will be equal to:
1
EL ena = ELIgnd (38)

Energy stored in the slug

The energy stored in the slugts kinetic energy at the end of a time step is similar:
1
Esena = Emveznd (39)

Total energy
The total energy of the system, including energy dissipated as heat, should always equal the energy which

was stored in the capacitor before the start of a run. At the end of each time step, it should be the case
that:

Erend = Erend * ELena + Esena (40)

Monitoring the sum of the voltage drops

A second useful check during the numerical integration is to ensure that the sum of the voltage drops
around the circuit is always zero. $lig easily done by evaluating the quantities in the Circuit Equation

(27) at the start or end of each time step. If the sum of the voltage drops varies from zero, it is a sign that
the time stefT is likely too large, so that the approximations usddearize the speed and model the

charge as a quadratic are too imprecise. Decreasing the time step should fix that.

Results of the mmerical integration

For the purpose dhis examplewe will use the same spatial distribution for the force fasldie used as

an example in Part | of this paper. There, we assumed tredtial distribution of théorce fieldhad a
parabolic shape, reaching a maximum value somewhere near the face of the coil and extending a fixed
distance on either side of thaarimum. The following figure shows the shape of the force field.
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In the earlier example, the spatial distribution was quantified as follows:

zZ—2z 2
F(2) = —|Fnaxl [1 - (Tmm) ] for the range |z — Zqxrl <D (Partl —10)

Forthe example in Part ive assumed that the maximum value of the forcel@@Newtons, that the

peak of the force occurred at a distangg,r = 24 cm from thecenter of the coiand that its spatial

Afextent 06 was DecHh@cm.aNote thathe zall de abeysimulating B cm long, so its face

is 25 cm from the center of the coilThe force field was zero outside of the rafge z,,,.| < D and

to ensure this, the current was fAstdppedd once th

We need to change things a littl€hetotal force is the product df(z) and the square of the curremtd

we will setF,,,, taking this into accountThe graph below are based®yp,, = —0.01. | chose this

value so that a current of 100mperesvould give rise to a total force af00 Newtons at itspeak spatial
point. If the current is higher, the strength of the force field will everywhere be proportionately greater

Appendi x AAO attached heret o i samadntegratior8)whigh of a sh
carries out this numerical integration. The following curves show what happens when the slug (with a

mass ofl 0 grams) is placed27 cm from the origin (being cm inside the left edge of the force fieddd

3 cm to the left of tke optimal displacemenand the capacitor bank is discharged.
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